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Abstract
We discuss a model in which three active and one sterile neutrino account
for the solar, the atmospheric and the LSND neutrino anomalies. It is shown
that if N

< 4 then these and other experiments and big bang nucleosynthesis
constrain all the mixing angles severely, and allow only the small-angle MSW
solution. If these neutrinos are of Majorana type, then negative results of
neutrinoless double beta decay experiments imply that the total mass of









Recently LSND group [1] (See also [2]) reported that they have found candi-




oscillation. Combing their result in [1] with the data




and the reactor data by
Bugey [4], the mass squared dierence m
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On the other hand, it has been argued that the solar neutrino problem [5]{
[8] is solved if a set of the oscillation parameters of the two-avor neutrino































);O(1)) (large   angle MSW solution):
(2)
Furthermore, it has been reported by the Kamiokande group [15][16] that






















) (See also [17]{[20]).
The results of experiments on these anomalies have been given in the
framework of two-avor mixings in the original literatures, and have been
analyzed from the viewpoint of the three avor mixing by many people [21]-
[26]. It has been shown that strong constraints are obtained if two of the
three anomalies are taken for granted, and it seems dicult [27] (See also
[28]) to account for all these three anomalies within the three avor mixing.
Here we investigate the possibility in which one sterile neutrino as well as
three known avors of neutrinos are responsible for these anomalies. Some
features of this possibility have been discussed in the past [29]{[34]. In this
2
paper we analyze in detail the mass squared dierences and the mixing angles
in this scenario. It turns out that if the number N

of light neutrinos is less
than 4, then because of strong constraints by the solar and atmospheric
neutrino observations, accelerator and reactor experiments including LSND
as well as big bang nucleosynthesis, all the 6 mixing angles are strongly









matrices, and only the small-angle MSW solution is
allowed. If we assume that these neutrinos are of Majorana type, then the
upper bound on hm

e
i from neutrinoless double  decay experiments suggests
that these neutrinos are not heavy enough to explain all the hot dark matter
components. If N

 4, then all the solutions to the solar neutrino problem
are allowed, hot dark matter can be accounted for by neutrinos and there may
be a chance to observe neutrinoless double  decays in the future experiments.
It has been pointed out that physics of supernova gives constraints on
sterile neutrinos [35][36], but these constraints apply only to m
2
which is
larger than the mass scale suggested by the LSND data, so we will not discuss
this point in this paper.
In section 2 we present our formalism on oscillations among four species
of neutrinos. In section 3 we discuss constraints from reactor and accelerator
experiments. In section 4 constraints by big bang nucleosynthesis are con-
sidered. In section 5 we give constraints from neutrinoless double  decay
experiments. In section 6 we examine the possibility that neutrinos are hot
dark matter. In section 7 we discuss consequences in case of N

 4. In
section 8 we give our conclusions.
3
2 Oscillations Among Four Flavors









, which is singlet with respect to all the gauge groups in













































































































































































()  exp (iT
jk
) (5)
























 diag(1; 1; 1; 3)
are diagonal elements of the su(4) generators.








in front of V
KM
in (3) can be absorbed by
redening the wave functions of charged leptons. If there is a Majorana mass
term, however, the three phases ; ;  cannot be absorbed [37]{[41]. Since
these factors ; ;  are cancelled in the probability of neutrino oscillations,
4
they do not aect the results of neutrino oscillations, but as we will see later,
they do aect the eective mass of 
e
and the constraint on the masses of
neutrinos from neutrinoless double  decay.






































) seem to be necessary to explain the suppression of the
7
Be solar neutrinos [9], the zenith angle dependence of the Kamiokande multi-
GeV data of atmospheric neutrinos [16], and the LSND data [1],
4
so we will
look for solutions of neutrino oscillations among four species where the mass
squared dierences are the three mass scales mentioned above.
In the present case there are six possibilities, and they are classied into



































































for j = 3; 4; k = 1; 2: (9)
4
It can be shown that the probability of neutrino oscillation in vacuum in the framework
of more than three avors is reduced essentially to the two avor case, once one assumes
the mass hierarchy [23][24], so that the analysis of [1] indicates that the mass squared
dierence in our case should satisfy (1).
5
Another is a case in which three mass eigenstates have degenerate masses




































































































































for j = 2; 3; 4: (13)
The latter four possibilities (ii-a) { (ii-d) are excluded by reactor and
accelerator experiments, as we will show below. The case (ib) can be treated
in exactly the same manner as (ia) by changing the labels 1$3, 2$4 of the
mass eigenstates, so in sections 3 and 4 we will discuss only the case (ia) for
simplicity.
6
3 Reactor and Accelerator experiments











































































































=2E is the dierence of the energy of the
two mass eigenstates. (14) and (15) are exact expressions in vacuum, and
they are simplied if we assume the patterns (8) { (13) with mass hierarchy.
3.1 Mass Pattern (i)
Applying the formula (14) and (15) to the present case (8) with mass hier-

































































where the CP violating terms have been dropped out in (16). From (17) the


























































































































































































(E) is the ux of neutrino 

with energy E, n
T
is the number of tar-
get nucleons, (q) is the detection eciency function for charged leptons `

of energy q, d








, and  stands for the largest fraction of the appearance events
allowed by a given condence level.
























































) in (19) in case of the Bugey exper-



















































































































;A(x)) for the solar neutrinos transi-



















































L=4E) for all (i; j) 6= (2; 1). Eq. (26) can be derived in





account for the suppression of the
7







;A(x)) cannot be larger than
1
2
[24], so the second possibility












































































































) in (19) for the CDHSW data








































































Furthermore, we have the constraints from the atmospheric neutrino data.




) for the multi-GeV data by the







































where we have used jm
2
21
L=4Ej  1. To have the zenith angle dependence




) to deviate from unity















































































































) is close to unity for





, so the only possible source for the





) from unity. Using the technique in [25], we nd that the region








allowed for the multi-GeV atmospheric























































0:48, and hence the possibility (31) is excluded.



















































































































































where we have also shown the upper bound (28).
3.2 Mass Pattern (ii)
We now show that the mass patterns (10) { (13) are excluded by reactor and
accelerator experiments. The arguments against the four cases are exactly the






for j = 1; 2; 3. If the ight length L of neutrinos in the experiment satises
E
41







































































































































































. Hence the mass patterns (10) { (13)
are excluded by reactor and accelerator experiments.
4 Big Bang Nucleosynthesis
Let us now discuss the constraints by cosmology. It has been shown [45][46][47]




( = e; ;  ) have to be suppressed strongly for
big bang nucleosynthesis to be consistent with the standard scenario, if the
number N

of light neutrinos is less than four.
5
Here we follow the argument
of [45][46] and give a rough estimate on the allowed region of the mixing
angles without detailed numerical calculations. Except in section 7, we will
assume N

< 4 in the following sections. We will show in section 7 that
if N

 4 we have much weaker constraints by big bang nucleosynthesis
compared to the case for N

< 4.
To get a rough idea on the magnitude of the eective mixing angle of
neutrino oscillations, let us consider the temperature dependence of the dif-

























For recent discussions on N

, see [48][49] and references therein.
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In case of the two avor neutrino oscillation with a mixing angle , the























































is the Hubble parameter, g
















































is the collision length of neutrino,  

is an interaction rate for active neutri-





















Notice that there is no enhancement of oscillations due to the MSW mecha-
nism [10] in the present case, because 
M
<  follows from V=E < 0 in (55).
























), we have to con-





=6:3T becomes comparable to the abso-
lute value jV j of the potential, and this condition is satised for the critical
temperature T  2MeV (or 0.3MeV), 8MeV, 15MeV, respectively. O these
regions of T , the problem becomes simpler. If T  25MeV, jV=Ej becomes












































for  25MeV: (61)
On the other hand, if T  1MeV, jV=Ej becomes very small and this case



















for  1MeV: (62)




( = e; ;  )
and we have no problem with big bang nucleosynthesis. So in the follow-

















the formula of neutrino oscillations can be put to 1/2 after averaging over
rapid oscillations, as long as the temperature under consideration satises
jE=V j  O(1).
15
To analyze oscillations among four species of neutrinos, it is necessary to











+ diag (V; cV; cV; 0) ; (63)
where we have taken into account the fact that 
e
has both charged and neu-























) ' 0:28 (64)
is the ratio of neutral current interactions to the total contribution. Here
we consider three cases where the potential term becomes comparable to the





=6:3T for (j; k) = (2; 1); (4; 3); (3; 1).
This corresponds to the critical temperature T ' 2MeV (or 0.3MeV), 8MeV,









= 0 in what follows
for simplicity. Since we assume N

< 4, sterile neutrinos should never have
been in thermal equilibrium, and we demand that the interaction rate  

s



















































In (65) both charged and neutral current interactions are taken into account
for 
e






Let us rst consider the situation where jV j ' E
21
. For the vacuum
oscillation solution, we can give the same argument and arrive at the same
conclusion as the MSW ones. In what follows, therefore, we will discuss for
simplicity the case of the MSW solutions, which imply a critical temperature














































































  (1  cA)V cos 2

: (71)
In this case dierence of any two eigenvalues of M is large compared to the
collision length `
coll




) can be put to 1=2, and the


























































































































































for T  2MeV: (79)
If T ' 8MeV (i.e., jV j ' E
43







































































+ cAV cos 2
: (83)
All dierences of two eigenvalues of M except E
21
are large compared to
the collision length `
coll















































































for T  8MeV (87)
If T ' 15MeV (i.e., jV j ' E
31










































































































































=cV )x  (1  A) = 0: (92)
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= 0 for j = 3; 4, and the only combination which appears in the for-


















is (j; k) = (3; 4), and the dierence of these two eigenvalues of M
is large compared to the collision length `
coll





































































for T  15MeV (96)





































































. As in [46]
we look for the extremum of the expression  

s
=H with respect to T . The
6
Notice that results (79), (87), (96) are reproduced for each case in (97): the rst term
! 2c
2











the rst term ! 2c
2
A(1   A), the third  (T=2MeV)
 12





j ! large, the second  (T=8MeV)
 12
! 0, the third
 (T=2MeV)
 12






extrema of the three terms in (97) are attained at dierent values of T which
are far apart, so we can discuss the extremum of the total quantity (97)




























  (1   2A)=3
i
1=2
1   (1   2A)
2

























































































=3 + cos 2








The term in the second line in (98) is a monotonically increasing function in





























where we have used the property that the term in the second line in (98) is
approximated as
p








(1). It is straightforward to see that the term in the second line in (99) is




















where we have used the combined Kamiokande results of sub-GeV [15] and
















. So the contribution coming from T  8MeV never brings 
s
into
thermal equilibrium, as long as max
T
(1st term) < 1 in (98) is satised.



































is satised by both the MSW solutions. Exactly
by the same argument as above, we can show that the vacuum oscillation
solution is allowed, as far as (100) is concerned
7
































































































The critical temperature for the vacuum oscillation solution is T ' 0:3MeV, so the
eective degrees g


















is satised also for the vacuum































To summarize, for N










































,  stands for a small number, and









 1. The basic reason that we have a strong constraint such as (112) is be-




which implies a severe bound on  

s
=H from big bang nucleosynthesis.




oscillation is potentially dangerous







and therefore could in-
crease the nucleon freeze-out temperature. To avoid this eect, it is necessary






















































oscillation, while we have used N

< 3:9 [48] and have put
g

(T ) = 10:75 ! 10:75 + (7=4)(N

  3) < 10:75 + (7=4)  0:9 on the right




oscillation occurs is T  2MeV (See (72)), and using (113) and the condition








) < 0:26: (115)
The numerical value here diers slightly from the one in [45], but in either
case we arrive at the conclusion that the large-angle MSW solution is ex-










Note that this argument does not apply to the vacuum solution, because
the collision length is much shorter than the oscillation length. We note in





referring to big bang nucleosynthesis, by combining all the data of solar neu-
trino experiments, the earth eect and Kamiokande day-night eect [12][13].
It has been shown in the two avor analysis [14] that the vacuum oscilla-




is excluded at 95 % condence level if
the standard solar model is taken for granted. The mixing matrix (112) tells
us that our model in case of N










, so we conclude that the vacuum oscillation
solution is also excluded in our scenario. Hence we are left only with the
small-angle MSW solution for N

< 4. This is consistent with a naive antic-
ipation that the small-angle MSW solution is the most preferable scenario,
because it ts the solar neutrino data best [11]{[14].
5 Double  Decay
Assuming that neutrinos are of Majorana type, let us now consider the im-
plication to the neutrinoless double  decay experiments. To discuss neu-
24
trinoless double  decays, we have to consider the magnitudes of neutrino





































































for mass pattern (ia): (117)
























































for mass pattern (ib): (119)
It is well known [37]{[41] that the CP violating phases ; ;  in (3) cannot
be absorbed by redenition of the neutrino elds. So the eective electron

















































































for mass pattern (ib);
(120)
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is a diagonal matrix and we have used






for the small-angle MSW
solution. The present upper bound on hm

e
i from neutrinoless double 




i < 0:68eV: (121)


















0:44eV for mass pattern (ib); (123)









has to be satised in (123) for m
1
to be real.
6 Hot Dark Matter










7eV seems to be in agreement with observations, such as the anisotropy
of the cosmic background radiations, correlation of galactic clusters, etc.
[31][52], and eorts have been made to introduce sterile neutrinos to account
for hot dark matter as well as other anomalies [29]{[34]. Here we examine
the possibility that neutrinos could be hot dark matter while satisfying all
the constraints that we have obtained in the previous sections.
Since we assume that sterile neutrinos have never been in thermal equi-
librium, only three components of the mass matrix (117) or (119) contribute



















































for mass pattern (ib):
(124)
From (124) we conclude that in either case neutrinos are not heavy enough




The possibility of N

 4 has been proposed recently [53], so we will also
discuss this case for the sake of completeness. If N

 4, then sterile neu-
trinos should have been in thermal equilibrium, and we cannot put a strong
constraint like the one for N

< 4. The only condition which has to be satis-
ed for sterile neutrinos to be in thermal equilibrium is A > 1:3 10
 2
. We









The large-angle MSW solution is allowed in this case, as long as 
s
is in
thermal equilibrium. As we noted earlier, however, the large-angle MSW




in the two a-









channels then it contradicts with so-
lar neutrino observations. The analysis of solar neutrino problem with four
species of neutrinos would be extremely complicated
8
, and it is yet to be seen
8
The explicit calculation for solar neutrino problem with three avors has been per-
formed recently in [26], assuming mass hierarchy.
27
under what conditions of mixing angles the large-angle MSW and vacuum
oscillation solutions are allowed.
Here, for simplicity, let us consider an extreme case in which the oscilla-









is consistent with all the solar neutrino observations [12][13][14], and 
s
is in





the atmospheric neutrino anomaly [16] gives  

s
=H which is larger than one














































for mass pattern (ib): (126)
If the solar neutrino problem is solved by the small-angle MSW solution,


























4:7eV for mass pattern (ia)
2:2eV for mass pattern (ib):
(127)
So in this case neutrinos cannot account for all the hot dark matter compo-
nents.























































for mass pattern (ib);
28
(128)









0:9 for the large-angle











































8:5eV for mass pattern (ib);
(130)
so that neutrinos could explain all the hot dark matter. Conversely, if all the


























0:2eV for mass pattern (ia)
0:4eV for mass pattern (ib);
(133)
so we will be able to observe neutrinoless double  decays in the future
experiments.












































for mass pattern (ib);
(134)
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 1 for the vacuum oscil-
lation solution. If  and 2

are both very close to =2, then m
1
can be
arbitrarily large without contradicting with the bound (121) from the neu-
trinoless double  decay experiments. In this case, therefore, neutrinos could
account for all the hot dark matter components, but there is no guaran-
tee that we will be able to observe neutrinoless double  decays in future
experiments.
8 Conclusions
In this paper we have performed a detailed analysis of the constraints on a
model with three active and one sterile neutrinos, using the data of reactor
and accelerator experiments, the solar and the atmospheric neutrino obser-
vations, and big bang nucleosynthesis. The mass pattern where three masses
are degenerated is found to be inconsistent with reactor and accelerator ex-
periments. If N

< 4, then all the mixing angles are severely constrained









. In this case the large-angle MSW and vacuum oscil-
lation solutions are excluded. Because of the constraints from neutrinoless
double  decay experiments, neutrinos cannot explain all the hot dark mat-
ter components. For N

 4, we get fewer conditions on the mixing angles,
and all the solutions to the solar neutrino problem are allowed. If we take ei-
ther the large-angle MSW solution or the vacuum oscillation one, then these
neutrinos can account for all the hot dark matter components. In case of
the large-angle MSW solution for N

 4, we will be able to observe neutri-
noless double  decays in near future. It is hoped that combined results of
super-Kamiokande and SNO experiments can tell us about the existence of
sterile neutrinos, the type of the solution to the solar neutrino problem, and
30
the mixing of sterile neutrinos [55].
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